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REDUCTION OF PRE-HAMILTONIAN ACTIONS 


ANTONIO DE NICOLA AND CHIARA ESPOSITO 


Abstract. We prove a reduction theorem for the tangent bundle of a Poisson 
manifold (M, tt) endowed with a pre-Hamiltonian action of a Poisson Lie group 
(G, ttg)- Ir the special case of a Hamiltonian action of a Lie group, we are able 
to compare our reduction to the classical Marsden-Ratiu reduction of M. If the 
manifold M is symplectic and simply connected, the reduced tangent bundle 
is integrable and its integral symplectic groupoid is the Marsden-Weinstein 
reduction of the pair groupoid M x M. 


1. Introduction 

Reduction procedures for manifolds with symmetries are known in many dif¬ 
ferent settings. A quite general approach, whose origin traces back to the ideas 
of Cartan [5], was considered in m and then generalized in 013 ]. In this ap¬ 
proach, the reduction of a symplectic manifold (M, ui) is intended as a submersion 
p : N ^ Mred of an immersed submanifold i : N ^ M onto another symplectic 
manifold {Mredi^red) such that i*ijj = p*uJred- In particular Mred might be the 
space of leaves of the characteristic distribution of i*uj. However, the most famous 
result is the one provided by Marsden and Weinstein m in the special case where 
the submanifold N consists of a level set of a momentum map associated to the 
Hamiltonian action a of Lie group. One of the possible generalizations has been 
introduced by Lu [53] and concerns actions of Poisson Lie groups on symplectic 
manifolds. Afterwards, the case of Poisson Lie groups acting on Poisson manifolds 
has been studied in m- It is also worth to mention the case of Manin pairs (that 
include Dirac and Poisson manifolds as special cases) treated in [5] and the super¬ 
geometric setting studied in [10] . In this paper we consider the case of Poisson Lie 
groups acting on Poisson manifolds. Such actions appear naturally in the study of 
R matrices and they encode the hidden symmetries of classical integrable systems. 
An action of a Poisson Lie group (G, ttq) is said to be Poisson Hamiltonian if it is 
generated by an equivariant momentum map J : M ^ G*. We shall focus on a 
further generalization of Poisson Hamiltonian actions. The main idea, introduced 
by Ginzburg in m, is to consider only the infinitesimal version of the equivariant 
momentum map studied by Lu. An action induced by such an infinitesimal mo¬ 
mentum map is what we call pre-Hamiltonian. Any Poisson Hamiltonian action is 
pre-Hamiltonian. Conversely, we show that any pre-Hamiltonian action is a Poisson 
action. However, pre-Hamiltonian actions are strictly more general of Hamiltonian 
actions, as shown in |19j where concrete examples of pre-Hamiltonian actions which 
are not Poisson Hamiltonian were provided. 

We obtain a reduction theorem for the tangent bundle of a Poisson manifold 
endowed with a pre-Hamiltonian action of a Poisson Lie group. First, we show that 
a pre-Hamiltonian action of a Poisson Lie group (G, ttg) on a Poisson manifold 
(M, tt) defines a coisotropic submanifold G of the tangent bundle TM. Hence, we 
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can build up a reduced space by using the theory of coisotropic reduction. In fact, 
given a coisotropic submanifold C of TM, the associated characteristic distribution 
allows us to define a leaf space C j which we denote by {TM)red- The coisotropic 
submanifold C is defined by means of a map ip from g to the space of 1-forms on 
M which preserves the Lie algebra structures and is a cochain map. We obtain the 
following 

Theorem 1.1. Let ^ : G x M ^ M be a pre-Hamiltonian action of a Poisson Lie 
group G on a Poisson manifold (M, tt). Then the reduced tangent bundle (TM)red 
carries a Poisson structure. Moreover {TM)red M/G is a Lie algebroid. 

The proof uses the theory of coisotropic reduction, the Tulczyjew’s isomorphisms 
[311 [31] and the theory of tangent derivations |3D] . 

Given a pre-Hamiltonian action, we compute explicitly the infinitesimal genera¬ 
tor of the tangent lift of the action, as can be seen in the following 

Theorem 1.2. Let ^ : G x M ^ M be a pre-Hamiltonian action of a Poisson Lie 
group with infinitesimal momentum map (p. 

(i) The infinitesimal generator of the tangent lif of $ is given by 

(ii) If for each f G Q, one has d(^^ = 0, then the lifted (infinitesimal) action on 
(TM,tttm) is Hamiltonian, with fiberwise-linear momentum map defined 
by c^ = irpp 

Note that in the special case of a symplectic action on a symplectic manifold we 
always obtain a Hamiltonian action on the tangent bundle and hence a Marsden- 
Weinstein reduction of TM can be performed. 

In order to relate our reduction to the classical Marsden-Ratiu reduction, we 
consider the particular case of a Hamiltonian action and prove the following 

Theorem 1.3. Let (M, tt) be a Poisson manifold endowed with a Hamiltonian 
action of a Lie group G and 0 S g* a regular value of the momentum map J. Then 
there is a connection dependent isomorphism of vector bundles 

(rM)red|M„d = T{Mred) + 0, 

where g is the associated bundle to the principal bundle J“^(0) —>■ J~^{0)/G by the 
adjoint action of G on q. 

Furthermore, by using [nidi] we provide an interpretation of the reduced tan¬ 
gent bundle in terms of symplectic groupoids. In particular, we consider the case 
of a symplectic action of a Lie group G on a symplectic manifold M. On the one 
hand, we show that in this case the lifted action on the tangent bundle TM is 
Hamiltonian so that we obtain a reduced tangent bundle {TM)red which is a sym¬ 
plectic manifold. On the other hand, it follows from [33| that the symplectic action 
on (M, Lo) can be lifted to a Hamiltonian action on the corresponding symplectic 
groupoid that can be identified with the fundamental groupoid n(M) M of M. 
This implies that the symplectic groupoid can be reduced via Marsden-Weinstein 
procedure to a new symplectic groupoid {Il{M))red =4 M/G. We prove that in this 
case our reduced tangent bundle {TM)red is the Lie algebroid corresponding to the 
reduced symplectic groupoid {J\{M))red. More precisely, 
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Theorem 1.4. Given a free and proper symplectic action of a Lie group G on a 
symplectic manifold (M, w), we have 

Ai{n{M))red) = {TM)red. 

If M is simply connected, this is just the reduction of the pair groupoid M x M. 
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2. Hamiltonian actions and coisotropic reduction 

In this section we recall some well-known results regarding reduction procedures 
for Hamiltonian actions and for the more general case of coisotropic submanifolds 
which will be used in the following sections. 

Let G be a Lie group and (M, tt) a Poisson manifold. An action $ : G x M —>■ M 
is said to be canonical if it preserves the Poisson structure tt on M. Let (p : g ^ 
T(TM) be the infinitesimal generator of the action. In order to perform a reduction 
we need to introduce the notion of momentum map. 

Definition 2 . 1 . A momentum map for a canonical action of G on M is a map 
J : M —>■ 0 * such that it generates the action by 

where Jj : M —R is defined by J^(p) = {J{p), for any p € M and ^ G 0 . 

A momentum map J : M —!> 0 * is said to be equivariant if it is a Poisson map, 
where 0 * is endowed with the so-called Lie Poisson structure [71 Sec. 3]. Finally, 
a canonical action is said to be Hamiltonian if it is generated by an equivariant 
momentum map. 

A reduction theorem for symplectic manifolds with respect to Hamiltonian group 
action was proven in |5H] . It extends in a straightforward way to the case of Poisson 
manifolds which we now recall. 

Theorem 2.2 f[27j). Let (M, tt) be a Poisson manifold endowed with a free and 
proper Hamiltonian action of a Lie group G and assume that 0 G 0 * is a regular 
value for the momentum map J : M ^ q* . Then the reduced space 

Mred=J-\Q)/G 

is a Poisson manifold. 

Now we briefly review a more general procedure, called coisotropic reduction. 
The main idea, due to Weinstein [3^, is that given a Poisson manifold and a 
coisotropic submanifold, one can always build up a reduced space. Some nice 
reviews of this theory can be found in 0 : 0 and [3]. The reduction of a Poisson 
manifold with respect to a Hamiltonian group action as well as coisotropic reduction 
can be recovered as special cases of reduction by distributions ETKiailT]. 
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Let (M, 7r) be a Poisson manifold and C C M a. submanifold. We denote by 

( 2 . 1 ) J^c = {f€ : f\c = 0 } 

the multiplicative ideal of the Poisson algebra It is known that C is 

coisotropic if and only if is a Poisson subalgebra. From now on, we assume that 
C is a regular closed submanifold, so we have the identification 

Assume that (M, tt) is a Poisson manifold and C C M is a coisotropic submanifold. 
From the properties of coisotropic manifolds, we know that there always exists a 
characteristic distribution on C, which is spanned by the Hamiltonian vector fields 
Xf associated to / S J^c- This distribution is integrable, so we can define the leaf 
space 

Mred '■= C . 

We assume that the corresponding foliation is simple, that is Mred is a smooth 
manifold and the projection map 

( 2 . 2 ) p:C^ Mred 

is a surjective submersion. The manifold Mred is called the reduced manifold. 
One can show that M^-ed is a Poisson manifold. More precisely, the following results 
hold (see [SHIM]). 

Proposition 2.3. Let {M, tt) be a Poisson manifold and C G M a coisotropic 
submanifold. 

(i) '■= {/ & : {/,^c} O J^c} is a Poisson subalgebra of ^ 

containing . 

(ii) J^c Q Is a Poisson ideal and SSc is the largest Poisson subalgebra of 

with this feature 

(hi) ^°°{M)red '■= S^dis a Poisson algebra. 

The relation between (Aired) and ^°°(AI)red is given by the following theo¬ 
rem. 

Theorem 2.4. Let AI be a Poisson manifold and C a closed regular coisotropic 
submanifold defining a simple foliation, so that 

p : C ^ Aired 

is a surjective submersion. Then there exists a Poisson structure on Aired such that 
‘£°°(AI)red o.nd (Aired) Ojfe isomorphic as Poisson algebras. 

This proves that Aired is a Poisson manifold. Finally, note that the coisotropic 
reduction admits as a special case the reduction with respect a Hamiltonian group 
action. In this case, the coisotropic submanifold is given by the preimage of a 
regular value of a momentum map. More precisely, consider a canonical action 
$ : G X M —>■ M generated by an ad*-equivariant momentum map J : M ^ q * . If 
fj, G g* is a regular value of J and is ad*-invariant, then 

( 2 . 3 ) C^ = J-^(p)CAI 

is either empty or a coisotropic submanifold. Then the leaf space G^/~ coincides 
with the orbit space G^/G (see e.g. [5]), so we get the reduced space of Theorem 

[O 
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3. Pre-Hamiltonian actions 

In this section we introduce a generalization of Hamiltonian actions in the setting 
of Poisson Lie groups acting on Poisson manifolds. For this reason we first recall 
some basic notions. A Poisson Lie group is a pair (G, ttg), where G is a Lie group 
and ttg is a multiplicative Poisson structure. The corresponding infinitesimal object 
is given by a Lie bialgebra, i.e. the Lie algebra g corresponding to the Lie group 
G, equipped with the 1-cocycle, 

(3.1) ^ = deTTG : 0 ^ 0 A 0. 

If G is connected and simply connected there is a one-to-one correspondence be¬ 
tween Poisson Lie groups and Lie bialgebras (known as Drinfeld’s principle [T2]L 
When ( 0 , 5) is a Lie bialgebra, the 1-cocycle S gives a Lie algebra structure on 
0 *, while the Lie bracket of 0 gives a 1-cocycle (5*on 0 *, so that ( 0 *,( 5 *) is also a 
Lie bialgebra. Thus, we can define the dual Poissou Lie group (G*, ttg* ) as the 
(connected and simply connected) Poisson Lie group associated to the Lie bialgebra 
( 0 *, 5*). From now on we assume G to be connected and simply connected in order 
to get the one-to-one correspondence stated above. 

Defiuitiou 3.1. An action of (G, ttg) on (M, tt) is said to be a Poissou actiou if 
the map $ : G x M —>■ M is Poisson, that is 

(3.2) {/o$,go$}GxM = V/,gG‘^°“(M) 

where the Poisson structure on G x M is given by ttg 0 t. 

It is evident that the above definition generalizes the notion of canonical action. 

Defiuitiou 3.2 1 [2311^ 1. A uiomeuturu map for the Poisson action $ : G x M ^ 
M is a map J : M ^ G* such that 

(3.3) <^(0 = T«(J*(%)), 

where (p : 0 —?► T{TM) denotes the infinitesimal generator of the action, 9^ is the 
left invariant 1 -form on G* defined by the element ^ £ 0 = {T^G*)* and J* is the 
cotangent lift of J. 

Defiuitiou 3.3. Let J : M —>■ G* be a momentum map of the action $. Then, 

(i) J is said to be G-equivariaut if it is a Poisson map, i.e. 

(3.4) J^Tr = 7rG», 

(ii) d) is said to be a Poissou Hamiltouiau actiou if it is a Poisson action 
induced by a G-equivariant momentum map. 

This definition generalizes Hamiltonian actions in the canonical setting. Indeed, 
we notice that, if the Poisson structure on G is trivial, the dual G* corresponds 
to the dual of the Lie algebra 0 * and the 1-form J*{9^) is then exact. Thus, it 
recovers the usual definition of momentum map J : M ^ q* for Hamiltonian 
actions in the canonical setting since p>{^) is a Hamiltonian vector field. As pointed 
out by Ginzburg in m, in many cases it is enough to consider the infinitesimal 
version of the G-equivariant momentum map, which is a map from the Lie bialgebra 
0 to the space of 1-forms on M. Recall that a Poisson structure tt on a manifold 
M defines a Lie bracket [•, -[tt on the space of 1-forms. 
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Definition 3.4. Let (M, tt) be a Poisson manifold endowed with an action of a 
Poisson Lie group (GjTtg). 

(1) A PG-map is a linear map (p : such that 

(i) m,ri] = 

(ii) d(p^ = ip t\ (p o 5{^). 

(2) Moreover, if (p generates the action, that is 

(3.5) </^('?) = 

we say that it is an infinitesimal momentum map. 

The existence and uniqueness of the infinitesimal momentum map were studied in 
m- In particular, it was shown that an action of a compact group with H^{q) = 0 
admits an infinitesimal momentum map. 

We are interested to study reduction for actions that admit an infinitesimal 
momentum map or just a PG-map. 

Definition 3.5. An action of a Poisson Lie group on a Poisson manifold is said to 
be pre-Hamiltonian if it is generated by an infinitesimal momentum map. 

It is important to remark that this notion is weaker than that of Poisson Hamil¬ 
tonian action, as it does not reduce to the canonical one when the Poisson structure 
on G is trivial. In fact, in this case we only have that is a closed form, but in 
general this form is not exact. However, as we will show, it turns out that every 
pre-Hamiltonian action is a Poisson action. Concrete examples of pre-Hamiltonian 
actions which are not Poisson Hamiltonian were provided in m- The study of the 
conditions in which the infinitesimal momentum p map determines the momentum 
map J can be found in M- 

Remark 3.6. Recall that a Gerstenhaber algebra (see [22]) is a triple {A = 
0igzAbA,[ , ]) such that (A, A) is a graded commutative associative algebra, 
{A = 0.ezA«,[ , ]), with AW = A*+i, is a graded Lie algebra, and for each 
a G A(*) one has that [a, ] is a derivation of degree i with respect to A. A differ¬ 
ential Gerstenhaber algebra (A = 0igzAbd, A, [ , ]) is a Gerstenhaber algebra 
equipped with a differential d, that is a derivation of degree 1 and square zero of 
the associative product A. One speaks of a strong differential Gerstenhaber 
algebra if, moreover, d is a derivation of the graded Lie bracket [ , ]. A mor¬ 
phism of differential Gerstenhaber algebras is a cochain map that respects 
the wedge product and the graded Lie bracket. It was proven in [22] that there is a 
one to one correspondence between Lie bialgebroids and strong differential Gersten¬ 
haber algebras. Let (M, tt) be a Poisson manifold and (G, ttg) a Poisson Lie group. 
Then by [22] one has that (A*g,(5, A,[ , ]) and (0*(M), d_D_R, A, [ , j^r) are strong 
differential Gerstenhaber algebras. It is easy to check that the notion of infinitesi¬ 
mal momentum map can be rephrased as a morphism of differential Gerstenhaber 
algebras 

(3.6) p : (A*g,(5, A, [, ]) —S> (fI*(M), d^ij, A, [, ]^). 

However, notice that in general, despite being a morphism of differential Gersten¬ 
haber algebras, an infinitesimal momentum map p : q ^ does not always 

correspond to a morphism of vector bundles g —>■ T*M and hence it does not 
necessarily induce a morphism of Lie algebroids from g to T*M. 
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3.1. Properties of PG-maps. The notion of a PG-map is crucial in order to 
prove a reduction theorem in this context. For this reason in this section we study 
some of its properties. In particular, we can prove that any PG-map (and hence 
any infinitesimal momentum map) defines a Lie bialgebroid morphism. Let us first 
recall the definitions related with Lie algebroids that we use in this paper. 

Definition 3.7. Let E ^ M and F ^ N he two Lie algebroids. A Lie algebroid 
morphism is a bundle map $ : if —>■ P such that 

: (r(A’F*),d^) ^ (r(A*F;*),d^) 

is a cochain map. 

Definition 3.8. Assume that E —>■ M is a Lie algebroid and that its dual vector 
bundle E* ^ M also carries a structure of Lie algebroid. The pair {E,E*) of 
Lie algebroids is a Lie bialgebroid if these differentials are derivations of the 
corresponding Schouten brackets, i.e. for any X,Y € h'{E) 

(3.7) d4x, r] = [d, X, r] + [X, d, F]. 

It is important to mention that given a Lie bialgebroid (A, E*), the Lie algebroid 
structure on E always induces a linear Poisson structure on E* and viceversa. The 
most canonical example is given by the Lie bialgebroid (TM, T*M) associated to a 
Poisson manifold M. In particular, given a Poisson manifold M, its tangent bundle 
carries a linear Poisson structure as shown in the following lemma. 

Lemma 3.9 ([^^ Prop. 10.3.12]). Let be a Poisson manifold. Then its 

tangent bundle TM has a linear Poisson structure tttm defined by 

(3.8) t^tm ° = kn 

where kM '■ TTM —>■ TTM is the canonical involution of the double tangent bundle 
and um ■ TT*M —>■ T*TM is the Tulczyjew isomorphism |341135j . 

Note that the linear Poisson structure tttm on TM coincides with the standard 
complete lift of ttm- 

We can now give the needed definition of a morphism of Lie bialgebroids. 

Definition 3.10. A Lie bialgebroid morphism is a Lie algebroid morphism 
which is a Poisson map. 

In order to prove that any PG-map (see Def. 13.4p . corresponds to a Lie bial¬ 
gebroid morphism, we need to introduce a dual notion to that of PG-map. 

Definition 3.11. Given a map ip : g ^ we can associate the map c : 

TM ^ g* defined by 

(3.9) {ciX^),0 = {Xm,Tdm)). 

for any Xm G TmM. If is an infinitesimal momentum map we call c a como¬ 
mentum map. 

We are now ready to prove the announced result. 

Proposition 3.12. Let : g —>■ n^{M) be a PG-map. The associated map c : 
TM —>■ g* is a Lie bialgebroid morphism. 
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Proof. From the definition it follows immediately that c is a morphism of vector 
bundles. Indeed, being a vector bundle over a point, 0 * has just one fiber, hence 
sends fibers into fibers. Moreover, c is fiberwise linear, due to the linearity of 
(p. Finally, the pull-back c* : r(A* 0 ) —>■ F(A*T*M) is given by the the natural 
extension of the map (p and hence it is a cochain map. Thus, c is a morphism of 
Lie algebroids. It remains to prove that the map c* : —>■ ^°°{TM) is a 

Poisson map, i.e. {/, g}g* o c = {f o c,g o c } tm - First, we consider / and g to be 
linear maps from g* to M, so can denote them as 

/ “ 9 ~ 

for 77 S 0 . For any ^ G g, we now define 


:= Zj o c. 


So, we aim to prove that 

{Zjt, } = ^[{,77]t • 

Using the definition of c it is evident that 




for any Vm G TmM. Thus 


= Pi- 


Hence, 


{Z^t, Z^t } f’r]} Z[J,r/]t ■ 


The extension to smooth functions can be easily done. In facts, we can immediately 
extend the result to polynomials and it is known that the space of polynomials is 
dense in the space of smooth functions. □ 


Given an action of a Poisson Lie group (G, ttg) on a Poisson manifold (M, tt), its 
infinitesimal generator is a map g —>■ T{TM) : f >->■ Dualizing this map one 

gets a map j : T*M —>■ g*. In m Prop. 6.1], the author proves that the action is 
Poisson if and only if j is a Lie bialgebroid morphism. As a consequence we obtain 
the following result. 

Proposition 3.13. Let (,5 : 0 —t be an infinitesimal momentum map. Then 

the action indueed by (p is a Poisson action. 

Proof. By dualizing (|3.5I1 we obtain that in our case the dual of the infinitesimal 
action is 

J = CO tt\ 

where c is the associated comomentum map defined by (13.911 . From Prop.EUZlwe 
have that c is a Lie bialgebroid morphism. Moreover, it is well-known that tt® is a 
Lie bialgebroid morphism, so the composition j is a Lie bialgebroid morphism as 
well. The claim then follows by [571 Prop. 6.1]. □ 

It is important to remark that the above proposition implies that a pre-Hamiltonian 
action is always a Poisson action. 
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4. Reduction of the tangent bundle 

In this section, using the techniques of coisotropic reduction recalled in SecOand 
the properties of PG-maps, we prove a reduction theorem for the tangent bundle 
of a Poisson manifold (M, tt) under the action of a Poisson Lie group. It is known 
that the tangent bundle of a Poisson manifold inherits a linear Poisson structure. 
We will show that a PG-map automatically produces a coisotropic submanifold of 
the tangent bundle. Thus, we obtain a reduced Poisson manifold. Furthermore, in 
the special case in which there is a pre-Hamiltonian action of a Poisson Lie group 
(G, ttg) on (M, tt) we study the properties of the tangent lift of the action and this 
allows us to prove that the Poisson reduced space coincides with the G-orbit space 
as in the canonical setting. Finally, in the classic case of a Hamiltonian action on a 
Poisson manifold, we analyze the relation of the reduced tangent bundle {TM)red 
and the reduced manifold Mred produced by Theorem 12.21 

4.1. Coisotropic and pre-Hamiltonian reduction. Consider a Lie bialgebra 
(0,(5), a Poisson manifold (M, tt) and let <,5 : g —!> H^(M) be a PG-map. These 
ingredients are sufficient to obtain a coisotropic reduction. In Sec. Id.11 to a PG- 
map (fi we associated a dual map c : TM g* by (ESI) and we proved that it is a 
Poisson map. 

The results on coisotropic reduction recalled in Sec.[2]can be immediately applied 
to this case. More explicitly, we can prove the following result. 

Theorem 4.1. Let (M, tt) be a Poisson manifold endowed with a PG-map ip : q ^ 
Then C := c“^(0) C TM is a coisotropic submanifold, where 0 S g* is 
a regular value of c. Moreover, if C defines a simple foliation on TM, then the 
reduced manifold (TM)red = G/~ has a Poisson structure. 

Proof. The fact that G is a coisotropic submanifold follows immediately by the fact 
that {0} is a symplectic leaf in g* and from the fact that c is a Poisson map, as 
proved in Proposition l.‘I.12l 

To complete the proof it is enough to apply the coisotropic reduction Theorem 
12.41 to our G. □ 

Now, we want to prove that the reduction in the case of a Pre-Hamiltonian 
action of a Poisson-Lie group gives rise to a special case of the coisotropic reduction 
obtained above. In the following we always assume the action to be free and proper. 

Assume that we have an infinitesimal momentum map ip : g ^ Tf{M). The 
associated action is in general not Hamiltonian unless (p(^ is exact. However, we will 
see that if is closed the lifted action on the tangent bundle is always Hamiltonian. 
In order to prove these results, we need some tools from the theory of derivations 
along maps m- 

A tangent derivation (that is, a derivation along see [30]) of degree p is a 
linear operator D : Ll^{M) —>■ fl^~^P{TM) such that 

(4.1) E)(a;i A UJ2) = Dwi A t^uj2 + ^ L)uj2. 

We define ir '. Tt^{M) —>■ Tt^~^{TM) as the tangent derivation of degree —1 such 
that it is zero on functions and acts on any 1-form 9 : M —>■ T*M by 

(4.2) iT6{v) = {6 {tm{v)),v), 
for any v G TM. 
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Remark 4.2. Notice that given : g —J- Q}{M) and c : TM g* we can express 
the map 

g 

^ I—>■ cj := c o ^ 

in terms of the tangent derivation it defined above. We get 

(4.3) = iT^Pi 

Then, one easily obtains that on any /c-form ui on M, 

iTUi{wi, ..., Wfc_i) = {uj{ttm{w)),Ttm{wi), ... ,TTM{wk-i)) 

for any wi,... ,Wk-i € TTM such that ttm(wi) = ■ ■ ■ = TTM{wk-i)- If is a 
fc-form and ui 2 is an 1-form, from (14.111 one has 

(4.4) iT(wi A W 2 ) = iT^l A + (—A iT0J2 
One can also define 

(4.5) dr w = irdw-f dirw 

It is easy to check that dr : 0^(M) —>■ O^(TM) is a tangent derivation of degree 0 
and 

(4.6) dT(wi A W 2 ) = dr wi A r)(^W2 -|- (—I)*^r)(^wi A dr W 2 . 

Note that if w is a fc-form on a manifold M, then the fc-form dr w on TM is just 
the standard complete lift of oj. The theory of complete lifts of tensor field to the 
tangent bundle was developed in [55] . 

The following result is known but a proof is not easily available, so we provide 
one below. 


Lemma 4.3. For any 1-form 9 : M ^ T*M on a manifold M, one has T9 : 
TM TT*M and 

(4.7) aMoT9 = dr 9. 


Proof. In this proof we will make use of the Einstein summation convention. Let 
us take suitable local coordinate charts (g*) in M and (qbu^) in TM (with i,j = 
l,...,n). Then, the 1-form 9, seen as a map 9 : M ^ TM has the following 
coordinate expression 

(4.8) 0{q) = {q\9j{q)). 

Hence for any v £TM of coordinates {q^,v^) one has 

iT9{v) = 9i{q)v\ 


Thus 


(4.9) diT9{v) = {q\v\dq,9j{q)v^ ,9j{q)). 

On the other hand 

- dq.9i)dq‘" A dqP 


Hence 

(4.10) 


iTd9{v) = {dqj9i - dqFj)v^dq\ 
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Thus dr 0 = ir A6 dirO has the following local coordinate expression 

(4.11) dT9{v) = {q\v^ ,dg.9i{q)v^ ,9j{q)). 

On the other hand, from (j4.8|l one has 

Tg9{v) = nM g* + dq,9jV^ d vK 

Hence as a map 

T9{v) = {q\9j{q),v\dq,9j{q)v''). 

Now recall that (see e.g. ES) 

0!M{q\Pj,q'",Pk) = {q\q'",Pk,Pj)- 

Hence 

(4.12) aMoT9{v) = {q\v^ ,dq^9^{q)v^ ,9j{q)). 

By comparing (j4.11|l and (14.1211 . the claim follows. □ 

Remark 4.4. Note that a similar result to Lemma 14.31 is PPI Theorem 2.1] that 
relates iT(T9) and iT{dT9) via /cm- Now, is in a sense dual to um- So one 
could try to derive the lemma from the result in [20j . However, the duality between 
kM and um is highly nontrivial, as it involves two different pairings (see e.g. [35)1. 
Hence we think that it is easier to prove our claim directly, as we did above. 

Given a pre-Hamiltonian action, the above results allow us to compute explicitly 
the infinitesimal generator of the tangent lift of the action, as can be seen in the 
following 

Theorem 4.5. Let ^ : G x M ^ M be a pre-Hamiltonian action of a Poisson Lie 
group with infinitesimal momentum map (p. 

(i) The infinitesimal generator of the tangent lift of d* is given by 

+'n\,j^oiTdip^. 

(ii) If for each f G Q, one has d(^j = 0, then the lifted (infinitesimal) action on 
(TM,tttm) is Hamiltonian, with fiberwise-linear momentum map defined 

by = irPi- 

Proof. (i) Since p generates the action, we have the relation 

PiO =7rif otpj. 

Moreover (see [20] or [25l p.365]), 

= kMoT{ip{^)). 

Now, by substituting the first relation in the second one, we obtain 

= kM o oTp^. 

By using (13.81) and (14.71) . we get 

p'^iO = 

= ^TM ° dr Pi 
= ° (d irPi Pird p^) 

— -f o zr d Pi. 
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(ii) Clearly, if = 0, we get 

□ 

It is clear that if = 0 for any ^ S g, then we can reduce the tangent 
bundle by using the well-known Theorem 12.21 of reduction of Poisson manifolds, 
since in Theorem Q] we proved that in this case the tangent lift of the action 
is Hamiltonian. In other words, the reduction procedure obtained above recovers 
the reduction of Poisson manifolds in the specific case in which the infinitesimal 
momentum map associates a closed form to any element of the Lie bialgebra. In 
particular, this happens in the case of a symplectic action on a symplectic manifold 
(M, wm)- Then, the tangent bundle is also symplectic, with the symplectic form 
given by dro^M- 

Corollary 4.6. Let q —^ X{M) be a symplectic action of a Lie algebra q on a sym¬ 
plectic manifold (M^lom)- Then, the lifted action on {TM,dTajM) is Hamiltonian, 
with fiberwise-linear momentum map c : TM —>■ q* defined by 

= iT{i^p{^)aJM)- 

Proof. Under the above assumptions we have that the action is clearly pre-Hamiltonian 
with infinitesimal momentum map (p : q ^ given by 

Ti = icp{^)^M- 

Moreover, = 0 implies = 0 since lom is closed. □ 

Theorem Q] allows us to show that, in the case of a (free and proper) pre- 
Hamiltonian G—action, the reduced Poisson manifold {TM)red = G/~ of Theo¬ 
rem mu is the orbit space of the lifted action oi G on C C TM. 

Theorem 4.7. Let ^ : G x M ^ M be a pre-Hamiltonian action of a Poisson 
Lie group with infinitesimal momentum map (p and comomentum map c. Then the 
reduced tangent bundle is given by (TM)red = GfG. Moreover {TM)red M/G 
is a Lie algebroid. 

Proof. Let be a basis of g* and q : TM R the components of c. 

Thus, 

c = Y^Cie\ 

i 

Since G = c“^(0) and J^c is the set of functions vanishing on G, then by [SJ Lemma 
5 ] any / S can be written as 

(4.13) f = Y^pc,, 

i 

where 

P : TM R. 

Consider the inclusion i : G ^ TM and a Hamiltonian vector field Xf on TM 
(recall that they span the characteristic distribution on G). From (14.131) we have 


i*Xf=Y,i*{^Xc,+c^Xp), 
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by the Leibniz rule. The term is zero because Ci vanishes on C. So we 

get 

(4.14) z*Xf = Y,z*{rX,,). 

i 

From Theorem 14.51 and (14.31) . we have 

(4.15) ° *Td (fi = X^ + tt^m ° *Td (fii, 
where ipi := (p{ei). We have 

j<k 

where 7 ^^ are some real constants. Now, using the property d = if A (poS{^) we 
can write 

irdifi = '^-ff’^iriifjAifk). 
j<k 

Hence, from (14.3() and (14.41) we get 

irdifi = lti.Cj A T^ifk - T*Mifj A Cfe). 

j<k 

Thus, since the Ci s’ are functions, we have 

T^TMi^Tdlfi) = XlT*^(Ci7r^M('^M<Pfe) - CkTrYiT'M'fj))- 

j<k 

From (I4.15F by using this relation we get 

(4.16) i*if^{ei) = i*{Xci + nYi'i-Tdifi)) = i*Xc, 

because the functions Ci s’ vanish on C. Substituting (14.161) in (j4.14|) we have 

z*Xy = ^z*(r).*V(e,). 

We have proved that the leaves of the characteristic distribution are the G-orbits. 

It remains to prove that {TXI)red -A M/G is a Lie algebroid. over M/G First 
note that G = c“^(0) ^ M is a Lie subalgebroid of the tangent bundle, as c is a 
morphism of Lie (bi)algebroids. Moreover, the free and proper action of G on M 
lifts to free and proper action on TM by Lie algebroid automorphisms. Thus, since 
the lifted action restricts to an action by Lie algebroid automorphisms on G, one 
gets a quotient Lie algebroid G/G —>■ M/G (see e.g. [IS] [55]). □ 

Remark 4.8. As an example, let us consider the dressing action G x G* —>■ G*, which 
is Poisson Hamiltonian with momentum map J = id. Thus, using the linearization 
TG* = G* X 0 * and the definition of the comomentum map (13.91) . we get 

c = pig. : G* X 0 * ^ 0 *. 

Hence, in this case the reduction of the tangent bundle gives as a result the space 
of orbits of the dressing action: 


{TG*)red = G7G. 
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4.2. Relation with the Hamiltonian case. Let us consider the particular case 
in which the pre-Hamiltonian action is Hamiltonian, so we have a momentum map 
J : M —>• 0 * and = dJ^ (for instance, this occurs if tpj = J*(%) and no = 0). 
As recalled in Section[21 in this case we have the well-known reduction Theorem l 2 . 2 l 
which gives a reduced Poisson manifold Mred = J~^{0)/G. The following theorem 
gives the relation between Mred and {TM)red- 

Theorem 4.9. Let (M, tt) be a Poisson manifold endowed with a Hamiltonian 
action of a Lie group G and assume that 0 £ 0 * is a regular value for the momentum 
map J : M ^ Q*. Then, we have (TM)red = {dx J)~^{0)/G. Moreover, there is a 
connection dependent isomorphism of vector bundles 

{TM)red\Mred — T{Mred) + 0 , 

where 0 is the associated bundle to the principal bundle J“^(0) —>■ J~^{0)/G by the 
adjoint action of G on 0 . 


Proof. Recall that 


Mred = J-\0)/G, 


where J : M ^ g* and 

iTM)red = C-\0)/G, 

where c.TM^g* is the comomentum map associated to (p. Moreover, we have 


Pi = d Jj, 

for each ^ € 0 . Hence cj : TM ^ M is given by 
(4.17) = It d = dy J^. 

We can extend the action of dy to act on 0 *-valued functions such as J in an obvious 
way, giving as a result dx J :TM —>- 0 *. Then, from (14.1711 we obtain c = dx J and 
hence 


(4.18) {TM)red = {dxJ)-\d)IG. 

Now, we have 

(4.19) (dTJ)-i(0)|j-i(o)=r(J-i(0)). 

Indeed, if u £ r(J“^(0)) C TM then J{tm{v)) = 0 and {d J {tm {v)), v) = 0. Hence 

(dr J)iv) = ix dJ(v) = 0. 

Conversely, if z; £ (dy J)“^(0) and J{tm{v)) = 0 then tm{v) £ J“^(0) and 
0 = (dr J)iv) = ixdJ{v) = {d J {tm (v)), v). 

Thus, we get v £ r(J“^(0)). 

We use now the following fact. Since the lifted action of G on TM is free and 
proper, by m Lemma 2.4.2] one has a connection dependent isomorphism 

{TM)/G = TiM/G) + 0, 

where 0 is the associated bundle to the principal bundle M —>• M/G by the adjoint 
action of G on 0 . If we apply the above result to J”^(0), we get 

(TJ-i(0))/G ^ T( J-i(0)/G) + 0 = T{Mred) + 0 

and hence by (14.191) we obtain 

{dx J)“^(0)|j-l(o)/G = T{Mred) + 0, 
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where g is the associated bundle to the principal bundle J ^(0) ^ J ^(0)/G' by 
the adjoint action of G on g. On the other hand, from (jd.lSp we have 

{TM)red\Mr^d = (dr -^)~^(0 )/G|j-i(o)/g = (dr >^)~^(0)|j-i(o)/G, 

since the tangent projection is equivariant with respect to the considered group 
actions. Hence we conclude that 

(T M)red\M^^^ — T (Mred) + 0- 

□ 

This theorem shows that in case of a Hamiltonian action our reduced tangent 
bundle is closely related to the tangent bundle of the classical Marsden-Ratiu re¬ 
duced manifold. 

Note that a part of Theorem l4.9l in the special case of symplectic manifolds was 
already proved in m Theorem 4.1]. 

5. Integration of the reduced tangent bundle 

In this section we give an interpretation of the reduced tangent bundle in terms 
of symplectic groupoids. In particular, we consider the case of a symplectic action 
of a Lie group G on a symplectic manifold M. On the one hand, we have shown 
that in this case the lifted action on the tangent bundle TM is Hamiltonian so 
that we obtain a reduced tangent bundle {TM)red which is a symplectic manifold. 
On the other hand, we can apply to our case the results of m and m that 
hold for a canonical action on an integrable Poisson manifold (M, tt) . Now, every 
symplectic manifold is integrable and the corresponding symplectic groupoid that 
can be identified with the fundamental groupoid n(M) of M. Hence, the action of G 
on M can be lifted to a Hamiltonian action on the fundamental groupoid Ii{M) =| 
M. This implies that the symplectic groupoid n(M) can be reduced via Marsden- 
Weinstein procedure to a new symplectic groupoid (n(M))red ^ M/G. We prove 
that our reduced tangent bundle {TM)red is the Lie algebroid corresponding to the 
reduced symplectic groupoid {Il{M))red- 

First, let us recall the needed results from m- 

Theorem 5.1 f[17j'). Let G X M ^ M a free and proper canonical action on an 
integrable Poisson manifold (M, tt) . There exists a unique lifted action of G on 
Ti{M) M by symplectic groupoid automorphisms. This lifted action is free and 
proper and Hamiltonian. Let J : E(M) —>■ g* denote its momentum map. Then, 
the reduced symplectic groupoid, given by 

(E(M)),ed = J-^(0)/G 
is a symplectic groupoid integrating M/G. 

Note that the symplectic form on (E(M))red allows us to identify the Lie alge¬ 
broid A{{'S{M))red) with the cotangent Lie algebroid T*{M/G). 

We will also use the following well-known result on the cotangent bundle reduc¬ 
tion. 

Theorem 5.2 (OP)- Given a free and proper action of a Lie group G on M, the 
cotangent lift of the action is Hamiltonian with momentum map given by 

{j(.am),C) = ar„((/3^(m)). 
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for any am G Tf^M, £ g. Moreover, we have 

{T*M)red = T*{M/G). 

The following lemma shows that in the case of a symplectic action on a symplectic 
manifold (M, w), due to the isomorphism w*' : TM —>■ T*M induced by iw, the 
reduced tangent bundle produced by Corollary 14.61 is isomorphic to the classical 
reduced cotangent bundle. 


Lemma 5.3. Given a symplectic action G x M —>■ M of a Lie group G on a 
symplectic manifold (M, w) we have 

iTM)red = iT*M)red- 

Proof. The momentum map j : T*M ^ g* of the cotangent lift of the action is 
characterized by 

for any m G M, am G Tf^M and C G g. Hence, by writing am = ^^Xm with 
Xm &TmM we get 

j^{uj^Xm) = = UJm{XmjPi{rn)). 

On the other hand, by Corollary 14.61 the momentum map c : TM —?► g* of the 
tangent lift of the action is characterized by 


C^iXm) — iT(lip(^)^)iXm) — (iip(^')^)m(Xm) — (ni)) ■ 

Thus we conclude that 

c = —jouj^. 

As a consequence, 

j-i(O) = -w‘'(c-i( 0 )). 

Since the symplectic form is G-invariant, we conclude that 

j-\0)/G^c-\0)/G. 


□ 


Note that Lemma in the particular case when M is a canonical tangent 
bundle and the G-action is a cotangent lift was already proved in m Lemma 4.2]. 

These results allow us to prove that in the symplectic action of a Lie group on a 
symplectic manifold the reduced tangent manifold {TM)red is the Lie algebroid of 
the reduced symplectic groupoid {U{M))red M/G. 

Theorem 5.4. Given a free and proper symplectic action of a Lie group G on a 
symplectic manifold we have 

A{{I{{M))red) = iTM)red- 

Proof. By Corollary 021 we know that the lifted action to TM is Hamiltonian with 
momentum map c. Thus we can perform the reduction otTM obtaining a reduced 
tangent bundle 

(TM),ed = c-i(0)/G 
endowed with a symplectic structure. 

From Theorem 15.II we know that the symplectic action can be lifted to a Hamil¬ 
tonian action on E(M) that in this case can be identified with n(M) and the 
reduced symplectic groupoid is 

(n(M)),ed := J-^(0)/G^M/G, 
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where J : n(M) —>■ g* is the momentum map of the lifted action. In this case the 
base manifold M/G is symplectic. Moreover, we have 

(5.1) A{{n{M))red) = T*{M/G). 

Now, by Theorem 15.21 we have 

(5.2) A{{U{M))red) = {T*M)red- 
Hence, by using Lemma ESI we get 

A{{I{{M))red) = {TM)red. 

□ 

Note that if (M, w) is simply connected the corresponding symplectic groupoid 
is the pair groupoid: 

M X M =d M, 

with symplectic structure ui 0 (—cu). Thus, we obtain the following result. 

Corollary 5.5. Let M be symplectic and simply connected and let G x M ^ M be 
a symplectic action. Then, 

A{{M X M)red) = {TM)red. 
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